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Part A

Answer all questions.

Each question carries weightage 1.
Find a non-zero nilpotent element in the ring 7, of integers mod 8.

Let Z be the ring of integers. Let a = (4) and b=(6) be ideals of Z . Find a generator of the

ideal a + b.
be the cyclic group of order 4. Describe an action of

Let Z, be the ring of integers mod 2 and Z,

Z,on Z, makingitan Z, -module.
1A, for any s € S, s/s is the identity element.

7 - 1. Verifv whether

Show that in the ring of fractions S-
Let Z be the ring of integers and I be the ideal generated by 3 ans S = Z

1/6eS™ Z
Let A = £ [x, y] be the polynomial ring over a field % and let g = (x, y3) be the ideal generated by

x and y2 Show that ¢ is a primary ideal.

2. .
Verify whether 3 s integral over 7,
Show that the polynomial ving k& [x] over a field k is integrally closed.
§x1=8 \\'z‘ighmgc\
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Part BB

. h unit.
wer any tWO uestions from each2
v . » 4 >
Aml"m-h question carries weighlage 2.

Unrre |

ative ri sShow that 1 —x is a unit in A,
be a nilpotent element in a commulative ring A. Sho
Lot x be

7e i :ments.
Let R be the nilradical of a ring A. Show that A/R has no nonzero nilpotent elem
Lt i be the . ¢

d M, N be submodules of L such that N M ¢ L. Show that (1/N

Let L be an A-module an

is isomorphic to L/M.

Unit 11

Let S be a multiplicatively closed subset of a commutative ring A. Consider ~on A x S defi

(a,s) ~ (b,t) if (at — bs)u = 0 for some u € S.

Show that ~ is an equivalence relation on A x S.

Let N, P be submodules of an A-module M and S be a multiplicatively closed sub-set of A
that SSTIN+P)=S-IN+S1P.

Let g be a primary ideal in a ring A. Show that the radical r (¢) of ¢ is a prime ideal.
Unir 111

Let Abe a subring of a ring B and C be the set, of al] ele

. ments of B which are i ral over 2
that Cisa Subring of B. are 1nteg1al overas

Let A be an integral domain, Show that if A is integy

every prime ideal p, ally closed then A, 1s integrally ¢l

Let 00— M <, M “;ﬁ M > 0 be 1 t
—_— an exae sequ ‘ ’ g
N(i(:“lo is > p uence of f\‘nlOdUlCS. Show thl'
rran “l(,ﬂ NII dnd NI" are N()(.‘tl)(}l‘illll. L

(6 x 2 = 12 we
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Part C

Answer any two questions.

Each question carries weightage 5.

18. Let A be anon-zero commutative ring. Show that the foflowing are equivalent.
O

() A is a field.

(b The only ideals of A are (0) and (1).

(©) Every homomorphism ¢ from A to a non-zero ring B is injective.

19. (2) Let M be an A-module. Show that M is finitely generated if and only if M is isomorphic to a

quotient of A" for some positive integer n.

(b) Let M be a finitely generated A-module and R be the Jacobson radical of A. Show that

RM = M.

920. (a) LetSbe amultiplicatively closed subset of a ring A. Describe the elgments and the ring structure

of STTA

(b) LetA, B be rings and S be a multiplicative suset of A. Letg : A — B be a ring homomorphism

such that g (s) is a unit in B for every s € S. Show that there exists a unique homomorphism

h-S~'A B suchthat g=Ahof where f:A — S~ 1 Ais the natural inclusion.

21. (a) Define valuation ring.

(b) Let B be an integral domain and K be its ficld of fractions. Prove that if B is a valuation ring

over K then :

(i) Bisalocal ring.

(ii) If B'is a ring such that Bc B’ K then B is a valuation ring of K.

(iii) Bis integrally closed in K.
(2 x 5 = 10 weightage)
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