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FOURTH SEMESTER M.Sec. RECGULAR/SUPPLEMENTARY DEGREE
EXAMINAT ON, APRIL 2022
April 2021 Session for SL.uwPrivate Students
(CBCSS)
Mathematics
MTH 4E 08—COMMUTATIVE ALGEBRA
(2019 Admission onwards)
Three Hou Maximum : 30 Weightage
General Instructions

Covid Inst:  tions are not applicable for Pvt/SDE students (April 2021 session)
In cases whe e cho. . s are provided, students can attend all questions in each section.

The minimum number of questions to be attended from the Section/Part shall remain ihe
same.

-

The instruction if any, to attend a minimum number of questions from each sub section /sub
part/sub division may be ignored. <

- There will be an overall ceiling for each Section/Part that is equivalent to the meximum

weightage of the Section/Part.
Part A

Answer all questions.
Kacl question carries a weightage 1.

- Let A be a ring » 0 such that the only ideals in A are 0 and (1). Prove that every

homomorphism of A into a non-zero ring B is injective,
IfM, and M, are submodules of an A-module M. Prove that (M, - My)/A =M, [y N DL).

Define an exact sequence of A-modules and A-homomorphisms.

I Pis a prime ideal of a ring A, prove that A-P is a lnul[iplic;lti\'oly closed subset of A

Let I he an ideal of a ring A such that #(I) is maximal. Prove that 1 is a primary ideal.

Let B he a ring and A is a subring of B. Prove that the set of elements of B which are
Mtegral over A is a subring of B containing A.
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1 the nilradical is nilpotents
Prove tha { .

Part B

Module I

i 1—xvy 1s a unit in,
_ Let R denotes the Jacobson radical of a ring A. Prove that xeR < y

all veA. |
If N and P are submodules of an M-Module M. Prove that‘_(N . P)=Ann (N +P)N ).

Let M. N be A-modules. Prove that there is a_zgnique isomorphism from M® N =N

Module I

Let M be an A-module and S a multiplicaﬁx'reiy_”' closed subset of A. Prove that the!
modules S M and S1 A ®, M are isomorphie..

Let M be an A-module. Prove that M = 0 if and only if M, = 0 for all maximal idealsr

Prove that the isolated primary compohents of a decomposable ideal I are um
determined by 1.

Module IIT
State and prove the going up theorem.

Lt oM H5Mo M

: -0 be an exact sequence of A-moc A is Noet!
if and only if M"and M" Noetherian. ! ATioles. Prove that s Sody
In an Artin ring prove that the

nilradical is equ:
Iradical is equal to the J acobson radical.

(6 x 2 =12 weld
Part C

; Answer any two que
Lach question, carries (
adical of
1 are coprime ide

stions.
(@) Prove that the nily

Lwerghtage of 5
(h) 1If I,

armg A s the

intersectio . 0l
) SECLION 1 ls
als Wheneye of all the prime idea

V' 1#j. Prove that 1, = I
i

(3 Scanned with OKEN Scanner



21.

@)

(b)
(a)

(b)

(a)
(b)

N T T e e,

1868738

3

3 s C 22568
Prove that the ring S7A and the homomorphism f: A = S A have the following
properties : s
(i) seS= f(s) isa unitin S-1 A ; ‘
(1) fl@)=0=> as=0forsomeseS;
(iii) Every element of S! A is of the form fla) fs)}, for some ¢ € A and some 5 = S.

Conversely prove that these three conditiohs_ determine the ring S A upto
isomorphism.

If M, is a flat A, -module for each maximal ideal m. Prove that M is a flat A-module.
Let B be aring and Ais a su‘biﬁxg of B. Prove that the following are equivalent :

(1) x e B 1s integral over A.

(i) Alx] is a finitely generated A-module.
(iii) Alx] is contained in a subring C of B such that C is a finitely generated A-module.

(iv) There exists a faithful AlxJ-module M which is finitely generated as an A-module.
If AcBc C are rings and if B is integral over A and C is integral over B, then prove
that C is integral over A.

If A is Neotherian, Prove that A[x;,xs,...,x,]| Neotherian.
A ring A is Artin if and only if A is Neotherian and dim A = 0.
(2 x 5 = 10 weightage)
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