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FOURTH SEMESTER M.Se. DEGREL (REGULAR/SUI’PLEMENTARY)
EXAMINATION, APRIL 2023
(CBCSS)
Mathematics
MTHA4E08—COMMUTATIVE ALGEBRA

(2019 Admission onwards)

Time : Three Hours Maximum Weightage : 30
Part A

Answer all guestions.
Each question has weightage 1.

1. Find all units in the ring 7 of integers mod 6.

Find the nilradical of the ring Z; of integers mod 12.

(8]

3. Let Zjp bean 7 -module under the usual action. Verify whether N = {0, 4, 8}is a submodule of

Zag-

4. Let S~1A be a ring of fractions and f:A— 51 A be the natural inclusion homomorphism. Show

that for some ¢ e A iff (@)= 0 then as = 0 for some seS-

5. Let 7 be the ring of integers and S = {37 : n > 0). Verify whether 4/6isin S17.

6. Give a factorizations of 6 into irreducibles in Z(\/:g) other than 6 =3 x 2.

7. Verify whether /g is integral over 7 in the field g of reals.

Show that the ring 7 of integers doesnot have d.c.c. on ideals.
(8 x 1 = 8 weightage)

Part B

Answer any two questions from each unit.
Each question has weightage 2.

Unit [

9. Show that every nonzero prime ideal in a primfipul ideal domain is a maximal ideal.

10. Let M, N be , A-modules and f: M —> N be an A-module homomorphism. Show that ker f1s a

submodule of M and I [ is a submodule of N.
11. Show that o, M —f M is an exact sequence if and only if £is injective.
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Unit IT
. ime. Find al} ...
{P'z 'nz 0} where p 15 & prime b ,unlts In §

egers and 5= hi .vSh ¢
. 1S Show thay ;
an , A-module homomorp hatig by

Let 7 be the ring of int

M — N be
Let M, N be A-modules and ¢: M

ime ideals P of A.
N, isinjective for all prime 1
then ¢, M, =>Np it

if xzq then r(q:x)=p.
i hatif x#q t
Lot q be a p-primary ideal in a ring A. Show t
et q be a p- ar)

Unit III
is i . Let b be anideal of g and,.
I bring of a ring B such that B is integral over A. Le i )
Let A be a subring of ¢
Show that B/b is integral over A/a.

A b s

LetADb bring of B and C c B be the integral closure of Alln.B anld Shea mu]tx‘b__‘
t A beasu g . > . AT e
closed subset of A. Show that S~IC is the 1nteg;al closure of ST A in S™1B

Let M —2M—P s M" 5 0 be an exact sequence of A-modules. Show that )i
t 0'—) > > & 7
then M and M" are Artinian.

(6x2=

=
!

Answer any two questions.
Each question has weightage 5.
(a) Define local ring.

(b) Verify whether Zg is aloca] ring,

(¢) LetAhea ringand m e 5 Maximal ideq] of A such that every element of A—mis3¥
that A ig 4 local ring.

(@) Define flat A-module.

(b) Show that the I'ollowing

are Cquivalepg for

. _ an A.mg
(i) Nigflag dule N,

(ii) If 0 Ml\*)M — M ,
Sequence.

>0 beany PXact sequence of A-modules th

0 M'®N~~> Me N > M'g

N is alsg exact,
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20. (a) i,

Let iplicati
et Sbea multiplicatively closed subset of a ring A and q be a p-primary ideal of A Show th
4 of A. Show that :

i if SmpiethenS'1q=S'1A.

i if Smp= Tgiss
Np=0then S q1sSlp—primary.

(b) Letqy,q,be D-primary ideals of 3 ring A. Show that @1 N qy is also p-pri
o -primary.

21. (a) Define Noctherian module,
(b)

Show that if % is a field then the polynomial ring %
(c)

[x] is Noetherian
Let M be an A-mod i |
module. Prove that M ig Noetherian if and only if M is finitely generated

(2x5=10 weightage)
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