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Part A
Answer all the questions.

Each question carries weightage 1.

1
Let V=C[-1, 1| with inner product (f,8)= I f(x) g (x)dx

2
g(x)= - > -3 Check whether fand g are orthogonal ?

Show that the metric space [* 1s not separable.

State the finite intersection property.
Show that for p> 1, the sequence space [P %,

Define the quotient norm on the quotient space X/Y, where Y is a closeqd subspace of a normed

space X,

sShow by an example that a linear map on a linear space X may be continuouns with respect to some

norm on X, but discontinuous with respect to another norm on L

Is morm a bounded linear functional on a normed space X Justify vour answer,

State the Hahn-Banach extension theorem.
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9. State the Taylor-Foguel Theorem.

10. Is C,,, the space of all scalar sequences having only finitely many non-zero termg a4 A Buby,

[T, aclosed set ?2J ustify your answer.

11. State the Bounded inverse theorem.

12. Is the parallelogram equality satisfied in /1 ? Justify your answer.

L - - ’ .
13. Give an example of a discontinuous linear map.

14. State the Parseval formula in a Hilbert space.

Part B

Answer any seven questions.
Kach question carries weightage 2.

18. Show that a linear map F from a normed space X to a normed space Y is a homeomorp
are o, [3>0 such that

hismift

Bl <] F(x)|<a] x|

for all x ¢ X.

19. State and prove the Bessel’s Inequality,

20. Show that a Banach space cannot have

a denumerable Hamel basis.

21. Let X and Y be normed spaces. 117 is o closed subspace of X, the

n show that the quotient ¥
from X to X/Z is continuous and open,

22. State and prove the Riesz-Ifischer Lheorem.

23. If all functionals vamish on a given vecetor, th

tn show that the vector must be zero.
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24. Let X be a Banach space, Y a normed linear space and T, € BL(X,Y) such that the sequence
(Tjrl (.1)) is Cauchy in Y for every x ¢ X. Show that the sequence (|| T, ") 18 bounded.

(7 % 2 = 14 weightage)
Part C

Answer any two questions.
Each question carries weightage 4.

1 2
a) Prove that || x = 3 | x “1 + 3 || X Hw defines a norm on R™.

b) Sketch the open unit ball in R2 with respect to the norm in part (a).

c) In C|[0,1] with supremum norm, compute d (f, g) for f (x)=1and g (x)=x.
26. State and prove the closed graph theorem.

27. Let H be a non-zero Hilbert space over K. Then show that the following conditions are equivalent.

P'J
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a) H has a countable orthonormal basis.

b) H islinearly isometric to K” for some n or to /2.

c) H is separable.
28. Let X and Y are normed spaces and X # 0.Then show that :

(a) BL (X_, Y), the set of all bounded linear maps from X to Y is a Banach space in the operator

norm if and only if Y is a Banach space.

(b) The dual X' of every normed space X is a Banach space.



