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Mathematics
MTH 2C 09—ODE AND CALCULUS OF VARIATIONS
(2019 Admission onwards)

: Three Hours Maximum : 30 Weightage
Part A
Answer all questions.
Lach question carries 1 weightage.
Define (i) regular and (ii) singular points of a differential equation.
If p(x) is a polynomial of degree p >1 such that
Lok
[ x"plx)dx=0fork=0,1,..,n-1,
-1
show that p(x) = cP,(x) for some constant c.
Determine whether the following function is positive definite, negative definite. or
neither -
2 2
2x° —3xy +3y°.
Find general solution of the system :
dt
EQI. dx -2y
dt
Deseribe the phase portrait of the system :
dx )
= N
dt
dy
2= -y,
dt 4
Show that [(x,y) = xy satisfies a Lipschitz condtion on any rectangle @ < x<b and ¢sysd.
Deserily Picard’s iteration method.
. : " v initial condition
Give the solution, if exists to the initial value problem, yl bly] 0, with the initial condi

Y) = |
l‘ (8 x 1 = 8 weightage)
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part B
ach of the 3 units.

wglions from ¢
iphtage of 2.

ny Lwo qtit
pries o e

Answer @
estion ca

Kach qu

point of the differential cquation

M+PMWW£MMy=O
tants. Then prove that there exists a uni;,
analytic at Xg and is a solution of the differential equation 1
nt, and satisfies the initial conditions y( %)= g ani-
serics expansions of P(x) and Q(x) are valid on ;
sion of this solution is also valid ¢

9. Let xo be an ordinary

and let ag and a, be qrbitrary cons

yix) that 1s

noighbourhood of this poi
at if the power

Also prove th
en the power series expan

ll_l‘ -—,\’0\ <R, R> 0, th
interval.
axis of the differential equation :

10. Locate and classify singular poinﬁs on the x-

(x-1)y" —2(x ~1)y +3xy =0.

11. Find the general solution of the differential equation

(x2 —1)y"+(5x+ 4)y'+4y=0

near the singular point x = — 1.
Unit II

12. If the two solutions

x=x(t I
{ 1) and 1 xo(t)
y =y y = yolt)

of the homogeneous system

dx
—(—t‘ == (l\“)x + bl (l))’
dy
—('7 = (!2([ )X+ b‘l(t)‘\'

ly !l\d(t])(tn(l(fl)t on \(l, l)l and if
’

]x = x,(0)
\y - y,,u)

i. il \’ i . .
: | L\l‘.l . Ilill' > hl‘.l

g _
dt

i az(t)x +by(y + folt)

ay (Ox+ by ()y + fi(t)
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18.

_ Find the curve of fixed len

D 102172

erval, then prove thal

on this int

x = epx () egxy (L) + xp(L)
y= (flyl(f.)'i l,'zyzfl) -+ yp(t)

i the gmu‘r:ll golution of
dx
— al(t)x + bl &)y+ fl(t)

——

dt

5(% =ag(t)x + by(t)y + fo(t)

on la‘ b]
)= ax? +bxy +cy2 is positive definite if and only if ¢ > 0 and

that the function E(x,y

3. Prove
y2 - dac < 0, and 18 negative definite if and only if @ <0 and p2 —4ac<0.
Determine the nature and stability properties of the critical point (0, 0) for the following
linear autonomous system :
dx-
S _4x-2
T
dy
22 = 5x+2y-
dt p
Unit 111
 Lety(x)be2 pnontrivial solution of the differential equation y” + qlx)y=0on2 closed interval
finite number of zeros in this interval.

ve that y(x) has at most a
e solutions by Picard’s

e initial condition ¥(0) =

[a, b]. Then pro
e initial value problem

Find approximat

y'=1+y? with th

iteration method to th
solution.

0. Also compare with exact
ove the x-axis.

gth L that joins the points (0, 0) and 1, 0), lies ab

and encloses the maximum area between itself and the x-axis.
6x2=12 weightage)

Part C

Answer any two questions.

Each question carries @ weightage of 5.
1 of the form S a,x" of the differential equation xy' =y

{ 2 . :
a) Find a power series solutio
point of the

(h) Ass : : . - \ .
) Assume that x = 0 is a regular singular differential equation

y* + Px) y'+ QLY = 0
(D
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108 ; Si()ns
and that the power Series expan

oH

aP(x) = X Pn¥

n0

2Q(x) = Z gn?’

x" and X

sval (] <Rw1thR>O Letth“nd

. nte
oy oy o valid on an int
of AP and a"Qv) are valid

mm = 1)+ 1mPo + 4o ( |
Then pI‘OVC that th(} equatlon (l)h;

=)

: < Mg
have real roots my and ny with my £ 7%
one solution

S gz (ag#0
N= x"’l 2.40 a,x (ao )
n=

ined in terms of a, by 1.
on the interval 0 < x < R, where the a,, are determmf: o o by th.
formula

‘n-1 i k)
a,[m+n)im+n- )+(m+n)py + qo] + kZO ap [(m + pn-—l’ o+ %z-b] 0

with m replaced by m, and the series Y a,x" 'converges for |x| < R. Also pr

m, — m, is not zero or a positive mteger then equation (1) has a second ir-
solution 5
Mo & }‘ “tn\ &
y2 :x 2 z a)ix (ao ¢0)
n=0
on the

same interval, where in this case the @, are determined in terms of g,
( ) » >
) with m replaced by My, and again the series Ya,x”

(a) Iftl fer M <
a iere exists a Liapunoy functio
n E(x, y) for the s
ystem

dx

dt F(x,y)

dy

dt - )

then proye th;

dl )
Propert y lh( 'ltlL

that {h funct lal Point (0, 0) ; is st

(ll)l - s . &l
€. Also, if thig function has the®
(71' .
iy L O ]‘4 Ll‘(\
‘B € (¢ 1“ & ( )’
(h) Obty “t(' Il(!
4“1 ,| lll()\(‘
X), the ]S(\S(‘l . “lt t,h(x Critie
Unetigy, Of fipgg N 1cal point (0, 0) is 'lsymptotlcall
Ind of €
D.
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90, @ Find the gonoml solution of the system
dx dy

—= dx . 2 _— r 4 ©
Al Y, ol x4 2.

v For {he following nonlinear system :

() Find 8|
Gi) Find the differential equation of the paths ;

o this equation to find the paths

Je critical points ;

(i) Solv

ax__y
dt

dy 9 92
& _9
7aakad

d the stationary function of

91. (a) Fin
ﬂ:xy' - (y)Z] dx
! ;

which is determined by th

(b) State and prove Picard’s theorcm.

e boundary cOnditibns y(0) =

526469
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0 and y(4) = 3.

2x5=10 weightage)



