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(CBCSS)
Mathematics
MTH 2C 06—ALGEBRA—II

(2019 Admission onwards)

Time : Three Hours Maximum : 30 Weightage

Part A

Answer all questions.
Each question carries 1 weightage.

-
i

3 .
1. Show that 2 is a field.
<x >

+1
2. Prove that \/;’[5 —i is algebraic over Q.

3 Show that algebraically closed field F has no proper algebraic extensions.

Show that doubling the cube is impossible.

BEN

Find the splitting field of the polynomial X3 -2in Q[x].

V4 ]

6. What is the order of G (Q (%;'" V3 )/Q)

{1 itti 1e P o1e Q.
7 Find the order of the Galois group (}(K/Q) where K is the splitting field of a? -1€Q [\]

8. Show that the polynomial 6~ 9 is solvable by radicals over Q.

(8 x 1 = 8§ weightage)
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Parl B

Answer .
wswer any two questions from each of the following 3 unils

Each question carries 2 weightage.

Unit I

Let E=F(a) be a simple extension of a field F, and let o be algebraic over F. Let the degres of

S b)be n>1. Prove that every element B of E can be uniquely expressed in the form

n

S -1 1
R=by +bo+....tby o, where the b, are in F.

Show that field of complex numbers is an algebraically closed field.

Let E be an extension field of F and let o € 2 be algebraic of odd degree over F. Show that ¢ is

algebraic of odd degree over F, and F(a)=F (a2).

-

Unxit IT

If F is any finite field, then for every positive integer n, show that there is an irreducible polynomial

in F[x] of degree n.

Let E be a field and let o be an automorphism of E. Show that E,={acE:0c (a)=c} isas

of E.

[t F be algebraic closure of field F and let E < F.Show that if every automorphism of ¥ leaving

F fixed induces an automorphism of E, then E is the splitting field over F.
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and K is an extension of I* by radicals. Prove that G
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17. LetRbea finite extension of degree n of a finite field F of p” elements. Show that G(K/F) is cyclic
of order 2, and 18 generated by o, where for a e K, c (o) = af .
(6 x 2 = 12 weightage)

Part C

Answer any two questions.
Each question curries 5 weightage.

a) Let F be a field. Prove that an ideal < p(x)# {0} of F[x] is maximal if and only if p(x) is

y—t
f)

irreducible over F.

b) Prove that if F is a field, every proper nontrivial prime ideal of F [%] is maximal.

extension field of a field F, and Kis a finite extension field of E, then

-

19 a) Provethat if E is a finite

K is a finite extension of F, and [K: F]= [K: E][E: F].

b) Show thatif « and p are conjugate over Q then Q(o)and @ (B) are i§omorphic fields.

20. State and prove Isomorphism Extension Theorem.
(K/F). For each intermediate

21. Let K be a finite normal extension of a field F,with Galois group G

field E with F<E <K, let A (E)= (}(K/E) Show that :

a) Fixed field of G(K/E)in Kis E;

by 7. is oneto one on the set of all intermediate fields ; and
val cuboro )ofGKF\.
¢ IfEisanormal extension of I, then G(K/E) is a normal subgrour \

2x5=10 weightage)
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