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FIRST SEMESTER M.Se. DEGREE (REGULAR/SUPPLEMENTARY)
EXAMINATION, NOVEMBER 2024

(CBCSS)
Mathematics

MTH 1C 02—LINEAR ALGEBRA
(2019 Admission onwards)

: Three Hours Maximum : 30 Weightage

Part A
Answer all questions.
Each question carries 1 weightage.

Define Vector Space.

Find two linear operators T and U on R? such that TU = 0 but UT =0.

Let F be a field and let « = (%1000, %, ) be a vector in F*. Find [a];, where B is the standard

ordered hasis for 7,

Show that similar matrices have the same characteristic polynomial.

Let V be a veetor space and K be a projection of V.

Prove that a vector Bisinrange of E if angd only
if E = .

Let Ve a vector space and ( / ) an inner product on V. Show that (0/B8)=0 for all feV.

Verify that the standard inner product on ™ is an inner product,

Ex1=8 weightage)
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Part B (Paragraph Type Questions)

, : alions f 14 odule,
Answer any two questions, choosing two questions from each module

lach question carries weightage 2,
Mobure [

9. Show that a nonempty subsot W of V'is a subspace of V if and only if for cach pair of vectq,
in Wand each scalar ¢ in F the veetor co + B is again in W.

10, Let Vand W be two vector spaces over the field F'. Let T and U be linear transformations £

into W and ¢ is any element of F. Define (T+U) by (T+U) (0«)=T(U-)+U("-) and |

(cT)(a)=cT (o) for o e V. Show that the set of all linear transformations from V intoW, tog

with the addition and scalar multiplication defined above, is a vector space over the field F

11. LetV, W and Zbe vector spaces over the field F. Let T be a linear transformation fromVi

and U be a linear transformation from W into Z.Then show that the composition function

defined by (UT) (a)=U (T (@) is a linear transformation from Vinto 7,
MopuLe 11
12. Let Vbethe space of all polynomia] functions from R into R of the form f (X)=¢p+ €1 + Cox” =
Let B be the ordered basis for V consisting of the four fu'nctions 1> f2, f3, fs, defined by 5 (x)=

Find [D]B, where D is the differentiation operator of V into V.,
13. Let V be a finite dimensional vector space over the field F and let B={opn gy,
B'={U-1"-~-: %’} be ordered bases for V. Suppose T'is a linear operator on V. If P=[P1 ......

the n x n matrix wit columns P; = [0",]” then prove that [T], =P [T], P

3 1 -1
14 Lo . . 9 9 _ e
LA he the (real) 3 x 4 matrix [4 % - 1| Find the characteristic values and chara
2 2
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#

15, For a=(xy, xy)and B=(y,5,)eR? define (/) = x1y; — x5y — %15y + 42,5, Vcrify that ( / ) is
an inner product ' G
16 V=W, ®.. ® W, then show that there exist % lincar operators E,...., E, oﬁ V such that :
(1) each E, is a projection ;

(i) EE;=0ifiz;

(i) I=E +..+E, ;and

(iv) the range of E; is W, .
17.

Let W be a finite-dimensional subspace of an inner product space V and let E be the orthogonal

projection of V.on W. Then prove that E is an idempotent linear transformation of V onto W, Ww-

is the null space of E, and V=W W'

(6 x 2 = 12 weightage)

Part C (Essay Type Questions)

Answer any two questions.
Each question carries a weightage 5.

18. If W, and W, are finite dimensional subspace of a vector space V, then prove that W, =W, s

finite dimensional and dim Wy + dim W, = dim (W, A W,) + dim (W, +W,).

19. Let Vand W be finite-dimensional veetor spaces over the same field F such that dim V = dim W If
T is a linear transformation from V into W, then prove that the following are equivalent :

(i) Tisinveriible
(ii) T is non-singular
(iii) Tisonto;ie., the range of T is W,
0 . " N . ' 1 - g acta fore 4
(v) If {oy, ty,.., ), ) is a basis for V, then {1« , Ty, Ta, ) is a basis for W,
1 M2y Uy f 1

. . . m m m N 3 o - W
tv) - There is some basis {a,, ty,.ey | for Vsuch that {T oy, T oy, Tt} is a basis for W.
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20. Iffis a non-zero linear functional on the vector space V, then prove that the null space of
hyperspace in V. Conversely, show that every hyperspace in V is the null space of a (not yr
non-zero linear functional on V.

21. State and prove Gram-Schmidt Orthpgonalization process. Consider

vectorsp; =(3,0,4), B~2v = '(_‘ L0,7),B3=(29,11)in R? with standard inner product. Apply (

Schmidt Orthogonalization pi*ocigss to By, By, By, and obtain an orthonormal basis for B3,

(2 x 5 = 10 weigl




